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= Vectors Analysis
(1) Find VF where :
() F=x3+xe +3y (ii) F = xsinx + y3 + 3y
(iii) F = x3¢¥ + y cos z (iv) F = y3Inx + tan xz
(2)Find the directional derivative of the function F = x?y3z* at the point (1, 2, 1) in
the direction of the vector U = 2i—j + 2k
(3) Find V.U and VxU where :
DU =&3y)i—(ze)j+ (3 +sinz)k
(i) U= 3 +y)i+ (z Iny)j+ (xy + cosz)k
(iii) U = (xyz)i — (1 + e¥)j + (z sinz)k
(V) U = (y2)i — (xz)j + (x> + yH)k
(4) Find V.U at the point (1, 1, 1) where : U = (xyz)i + (x + y + z)j + In(xyz)k
(5) Find VxU at the point (2, —1,-1), U= (xyz)i— (x +y +z)j + In(xyz)k
@O)If U= (x2)i— (xy)j+ (y2)k and V= )i+ (z%)j+ x*k
Find v.(U+V), v.(U-V), V.(UxV), vx(U+V),V(U.V),V.(VxU)
(7)Prove that V. (VxU) for any vector U .
(8)Write the vector U = (xy)i + (z)j + (yz)k in the cylindrical coordinates(r, 6, z)
and spherical coordinates (r, 6, ¢) and find the Jacobian of each transformation.
(9) Show that the new system corresponding to the transformation (r, 6, ¢):
Xx=(2—-rcosB)cos@, y=(2—rcos0)sing, z=rsind
Is orthogonal and the scale factors are 1, r and 2 — r cos 6.
(10) Show that the new system corresponding to the transformation (a, 8, v):
X=%(a2—62), y=aB, z=y
Is orthogonal and find the scale factors where —o < a <o, 0 <f <o, —0 <y <o

(11)If U is a vector in the cylindrical coordinates (r, 8, z). Show that :




Mathematics 5 2018 Dr. Mohamed Eid
= Special Functions
Find the following integrals:
00 00 1
(1) f e V¥ dx (2) | e™ dx (3) j x? (—Inx)* dx
0 0 0
(4) f x®e™2* dx (5) | e dx (6) j e ™% +OX dx
0 3

1
(7)]0 V1 —x3dx

2

3 1
(8)J x (27 — x3)3 dx
0

T
2
9) j secx.Vtan x dx
0

4 2 1 T
(10) f3 x—)*A—ydy (1) jo 2(16-7Yidz (1) j ? int JEnTdt
0

= Multiple Integrals
(1)Find the following integrals :

1 ,x
(iii) f f (x+¢e¥)dy dx
o Jo

2 XX
(Vi)f f — dy dx
1 1Y

1 02 )
(i)-[o j()(ley)dxdy (ii).];) '];)(12x3y)dydx

() jol fozy@xy) dx dy W) flz f:(x3 — y) dy dx

(2)Find the following integrals:

1 V1-x2 1 V1-x% 1 V1-x2
(i)ff VX% +y? dydx (ii)ff VX% + y? dydx (iii)ff
0 Jo
dx dy

XZ\/XZ—-I-yZdde
(iv)folj;\/l_—yz\/m (V)ffly x+y dx dy (Vl)ff4x

(3)Find the following integrals:

G ﬂ'ln(x +y?) dx dy

2_|_2

dy dx
JxE+y?

(iiD) J‘f sin(x? + y? )

2+2

W || 7 axay
D

Where D is the region between the two circles : x* +y? =1, x% +y? = 4.

(4)Find the following integrals :

() J: foz jj(xyz) dz dy dx

1 X pxy
(iii) f f (x?y) dz dy dx
0 Jo Jo

(ii) J: J;)Z J:(4x+ 2yz) dx dy dz

1 ,2x px+y
(iv) f f f (x + 2z) dz dy dx
o Jo Jo

2
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(5) Find the integral : f(gl,é)l))(x + y)dx + (2x — 3y)dy along the curves :
@y=x (b) x> =y () x =y (d) y=x°

(6) Find the integral : f(gg))(x + 2y)dx + (2x — y)dy along the curves :
@y=x b) x> =y () x =y (d) y=x°

(7) Find the integral : gﬁc (xy) dx + (x + y)dy along the curve C given by :
@ x’=y, x=y? (b) x?> +y*> =4

(8) Find the integral : §, (x + 2y) dx + (x* — y)dy where the curve C is the
sides of the triangle of vertices : (0, 0), (2, 0), (2, 2).

(9) Find the integral : §. (2xy) dx + (x* + y*)dy where the curve C given by :
@ y=x, y=x* (b) x* +y* =5
(10) Find the integral : §. (3x?y) dx + (x* — 2y)dy where the curve C is the
sides of the rectangle of vertices : (0, 0), (2, 0), (2, 2), (0. 2).
(11)Verify Green’s theorem for : _(ﬁc (x + xy)dx + (xy)dy
where C is: (i)the circle x2 +y%2 =1
(i)the ellipse 4x% + 9y? = 36
(iii)the sides of the triangle of vertices (0, 0), (3, 0),(3, 3).
(12)Find the flux of the vector : U = (xz)i + (xy)j + (yz)k through the surface of
the paraboloid x? +y2+2z=1, z>0.
(13)Verify the Gauss’s theorem for the vector : U = (2x + 2)i + (x + y)j + (xy)k
through the surface of the paraboloid x2 +y2 +z=4, z > 0.
(14)Verify the Stoke’s theorem for the vector : U = (2xyz — 3y)i + (x%2)j + (x*y)k

through the surface of the semi-sphere x? + y2 +z2 =1, z>0
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= Complex Analysis

(1)Determine and sketch the image of each region under the function f(z) = sinz:

T
MHo<x<2m 1<y<?2 (0<x<-, 0<y<2
T T
([i)0<x<m 1<y<2 (iv) -5 <x<-, 0Sys<2

(2)Find and sketch the image of the region: 0 < x < m, 0 <y <1 under the
function f(z) = cosz.

(3)Find the image of the following regions under the function f(z) = e :
g1

@03xg1,ogy§§ ()0<x<In3, 0<y<m

(4)Show that :

(i) 1 4 cos 0 + cos 20 + - =%

Sy . . _ sin 6
(ii) sin 6 + sin 20 + sin 30 ... = s D)

(5)Find the sum of the following series :

(i) Z sinn@®  (ii) z cosn0 (iii) z (=" cosnb  (iv) Z (—1)"sinn6
(6)Sgttermine which ofn't=r11e following functtlizlns are harmonic. For earclzrllharmonic
function find its conjugate such that f(z) is analytic :
(i) u = xsiny — ycosx (ii)v=3+ x? —y?
(i) u = x% + 2y — y? (iv) v = x? + 2x — y?
(7)Find u(x, y) , v(x, y) of each of the following functions and show that they satisfy

Laplace equations :

1) f(z) =z + sin 2z I f(z) = z° + 2 cosh 2z
(i) f(z) (ii) f(z) = z° h

) f(z) = In3 + cos“z v)f(z) =z+e

(iii) f(z) =1 ? (iv) f(z) 2
(8)Write the Maclurin’s series of each of the following functions :

. Z - Z

(I) f(Z) T 22-57+6 (") f(Z) - (z—1)(x+2)(z-3)

(ii) £(z) = =2 (iv) f(z) = zsin=

2
M) f(2) =z + e (vi) f(z) = z* cos~

4
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(9)Find the zeroes and their order of each of the following functions :
() f(z) =z* +22 (i) f(z) = z* — 16 (iii) f(z) = >sinz

(iv) f(z) = e*2 —e* (V) f(z) = z(e* — 1) (vi) f(z) = z cos z*
(10)Show that :

(i) Rgs, f(z) = R_e_s f(z) =1 where f(z) =

z* +1
(ii) Res f(z) = Res f(z) = -1 where f(z) = tanz
2 Z“?
(i) Res f(z) =5 where f(z) = —
iii) Res (Z)—2 where f(z = T sinz

3
(iv) Rgos f(z) =3 where f(z) = ez

1 1
v) Res f(z) = ~z where f(z) = z? sin;

sinz
(vi) Rf‘g f(z) =1 where f(z) = ——

sinz
(vii) Res f(z) =0 where f(z) = —

(11)Find the poles and their order , also residues, of each of the following functions :

() f(z) =z+ 3* (i) f(z) = Inz (iii) f(z) = coshz
(V) £(z) = — W@ ="2 @)@ ="
(vil) f(z) = =~ (vill) f(z) = S (ix) f(z) = tan 2z
() f(z) =% (xi) f(z) = % (xii) f(z) = cotz

1n(z+1)

(xiii) f(z) = = (xiv) f(z) = (xv) £(z) =

(12)If Cistheellipse: z= 5cost+1i4sint. Show that :

e?? cosh 2z
dz=0 (ii)jg -dz =0 (iii)jg dz=0
z — 3mi C

z+9i
In(z — COSZ ) sinh 2z
(1)§; 2+36d =0 ()jg dZ—O (Vl)jgc Z—9idz_0

(13)If Cisthecircle: |z| = 1. Show that :

e COSZ
+1dZ—§l (111)5[1;

dz = 2mi
yA

1
() jg —dz = 2mi
C Z

5
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(iv) j; e—zdz = 2Ti (V)jg dz =0 (Vl)f dz = 4mi
c Z (2
(14)If C s the circle : |z| = 4. Show that :
+1
(i)jﬁc ———dz = 2ri (ii)jﬂc ZZZ(Z—+2)dz= 0
2
(iii) 'K}g z dz=0 (iv)jg ;dz =0
¢ (z?+3z+2)? c z(z—2)3
1 _ 1 _
(V)i de=0 (Vl)ﬁ de—O
1 _om
(Vl)jg +1)dz—2n1 (Vlll)£ Z(Z+1)(Z+4)dz——gl
(15)If Cisthe circle : |z| = 1. Find the integrals :
. z’ . sinz COSZ
() i mdz (ii) f ypp—— dz (iii) % Gz 11)2 ——dz
z h
(iV) % ﬁdz (V)f ln(ZZ:- 5) dz (Vi)% o8 ZdZ
c
(16) Show that :
. 2m 1 T - 21 1 B
(l)_[ 10—6sin9de=Z (H),];) 3+c059+25in9d9_n
2n sin? T ] 5
(111).[ 5+4cosede_z (w),](; (5—3sin9)2de_§
_ 4w ) cos X LN
(V),f (2+cose)2de_ﬁ (Vl)f_oox(xz—Zx+2)dx_2e
Xsmx 1 _m
(V“)f o=@ (V'")f Gr2@+ 9T 12
_ Cos 2X 7m
[ 7 @[ arrer=Tge
. _.m o (7 (nx)? o
R I




